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Announcements

* Read Chapters 3 and 8 from the book
 Homework 4 is due today
 Homework 5 Is due on Tuesday November 12
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QR Factorization

Al
« Used in in SE since it handles ill-conditioned m by n
matrices (with m >=n)

« Can be used with sparse matrices
* As before we will first split the Rt matrix
H'R™M =H"R 2R 72H=H'""H’

* QR factorization represents the m by n H' matrix as
H'=QU

with Q an m by m orthonormal matrix and U an upper
triangular matrix (most books use Q R but we use U to
avoid confusion with the previous R) 2



QR Factorization

A

« Wethenhave H'H'=U'Q'QU
« Butsince Q is an orthonormal matrix, Q' Q =1
« Hencewehave H'H'=U"U

Originally Ax=[HTR*H | HTR*[2™* —f(x)

WithH'R*"H=H'"H'=H'"H'=U"U _
Qisanmbym

Let z’:QTR_% [z meas —f(x)] M

ax=[UTU] " HTR 2R %2[2™= _(x)]=[UTU] "UTQ'R 72[2™ —f(x)]

U'UAX=U"72 > Ax=U "2’



QR Factorization

Al
Next we’ll briefly discuss the QR factorization
algorithm

* When factored the U matrix (i.e., what most call the R
matrix ) will be an m by n upper triangular matrix

« Several methods are available including the
Householder method and the Givens Method

* Givens is preferred when dealing with sparse matrices

« All good reference is Gene H. Golub and Charles F.
Van Loan, “Matrix Computations,” second edition,
Johns Hopkins University Press, 1989.



Givens Algorithm for Factoring a
Matrix A
S m—

« The Givens algorithm works by pre-multiplying the
Initial matrix, A, by a series of matrices and their

transposes, starting with G,G,"
— If Ais m by n, then each G is an m by m matrix
« Algorithm proceeds column by column, sequentially

zeroing out elements in the lower triangle of A, starting
at the bottom of each column

If A Is sparse,
G,.GG .G A=QU then we can take
: PP ' advantage of
G,..G6,=Q sparsity going up
the column

G'.G/A=U



Givens Algorithm

* To zero out element A[i,j], with 1 > j we first solve

with a=A[k,J], b= A[l,j] To zero out an element
¢ —slal [r] We need a non-zero |
— pivot element in column ;
S Cc||b 0 assume this row as k.
r=va? +b?

« A numerically safe algorithm is

If b=0 then c=1, s=0// i.e, no rotation iIs needed
Else If |b|>|a| thenz =—-a/b; s=1/V1+7°;c=s7

Else r=-b/a: c=1/J1+7t%:s=cr

o



Givens G Matrix

* The orthogonal G(1,k,0) matrix is then

1 .- 0 - 0 -
0 C S
G(i,k,0) =] : :
0 —S C
0 - 0 - 0 -

0

1

To zero out an element

we need a hon-zero

pivot element in column §j;
assume this row as k. Row
k here is the first non-zero
above row I.

« Premultiplication by G(i,k,0)" is a rotation by 6
radians in the (i,k) coordinate plane

o



Small Givens Example

« Let 4 2 First start in column j=1; we will
A 1 0 zero out A[4,1] with i1=4, k=2
|0 5
2 1

* First we zero out A[4,1], a=1, b=2 giving s= 0.8944,
c=-0.4472

1 0 0 0 4 2
0 -04472 0 0.8944 ; -2.236 -0.8944
G — G A:
10 0 1 0 ! 0 5
0 -0.8944 0 -0.4472 0 04472




Small Givens Example

* Next zero out A[2,1] with a=4, b=-2.236, giving
c=-0.8729, s=0.4880

* Next zero out A[4,2] with a=5, b=-0.447, ¢c=0.996,
] (458 218

s=0.089

1 0.873 0488 0 0
—0488 0873 0 0
2 0
0

G'G'A=
10 2 1

01

(10 0 0
01 0 0
0 0 099 0.089

(4.58

0
0

0

0 0 -0.089 0.99

2.18 |
0.195
5

0447

G'G'G'A=

3 2 1

0
0

0

0.195
5.020

0 -

A



Small Givens Example

« Next zero out A[3,2] with a=0.195, b=5.02,
c=0.996, s=0.089

1 0 0 0 458 2.18
0 -0039 099 0| . . . 0 -5023
G = G'G'G'G'A=U=
+10 -0.999 0039 0| ¢ 3 2z 1 0 0
0 0 0 1 0 0

* Also we have

0.872 -0.019 0.487 0
0.218 0.094 -0.387 0.891
0 -0.995 -0.039 0.089

10436 —-0.009 -0.782 -0.445

Q= G1(32(33(3‘4 =




Start of Givens for SE Example

Starting with the H matrix we get

H'=R 72H =100x

To zero out H'[5,1]=1 we have

b=100, a=-1000, giving
¢=0.995, s=0.0995

Here the column (j) is 1, while

11s5 and k 1s 4.

OOOOOH

o O O O +—» O

o O o r»r O O

0 -10 0
10 0 -10
0 10 0
~10 0 10
1 0 O
0 0 1
0 0
0 0
0 0
0.995  0.0995
~0.0995 0.995
0 0

R, O O O O O

A
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Start of Givens for SE Example

Which gives

The next rotation would be to zero out element
[4,1], continuing until all the elements in the lower

GIH’leOx

triangle have been reduced

0

10

0
10.049

0

0

-10
0
10
0
0
0

0
-10
0
—9.95
0.995
1

o

12



Givens Comments
T
« For a full matrix, Givens is O(mn?) since each
element in the lower triangle needs to be zeroed
O(nm), and each operation is O(n)

e Computation can be drastically reduced for a
sparse matrix since we only need to zero out the
elements that are initially non-zero, and any that
become non-zero (i.e., the fills)

— Also, for each multiply we only need to deal with the
nonzeros in the impacted row

« Givens rotation i1s commonly used to solve the SE

13



Power System Equivalents
T
* No electric grid model is ever going to completely
represent a real electric grid

— “All models are wrong but some models are useful”

* A key modeling consideration is how much of the
electric grid to represent

~ For large-scale systems the distribution system is usually
equivalenced at some point; this has few system level
ramifications if it is radial; if it is networked then there are
potential issues

— At the transmission level either the full interconnect is
represented or it is equivalenced

— Inan SE model in large grids (like the Eastern Interconnect) it
Is always an electrical equivalent 14



Kron Reduction, Ward Equivalents

A

For decades power system network models have been

equivalenced
by J.B. Ward

using the approach originally presented
in 1949 AIEE paper “Equivalent Circuits

for Power-Flow Studies”

— Paper’s single reference 1s to 1939 book by Gabriel Kron,
so this is also known as Kron’s reduction or a Ward

equivalent

System buses are partitioned into a study system (s) to

pe retained and an external system (e) to be eliminated;
puses In study system that connect to the external are

Known as boundary buses

15



Ward Equivalents
Al

« The Ward approach is based on the below relationship

] [y, v,
L| |y, v |7

(1, -y, 7'1,)=(Y, -V Y'Y, )V,

Se  ee e

* No Iimpact on study, non-boundary buses
* Equivalent is created by doing a partial factorization of

the Y.
— Computationally efficient

16



Other Types of Equivalents
Al

There are many different methods available for creating
power system equivalents

— A classic paper is by S. Deckmann, et. al., “Studies on Power
System Load Flow Equivalencing,” IEEE Transactions Power
App. And Syst., Nov/Dec 1980

— Companion paper covers numerical testing of equivalents

The major equivalencing types are

- Ward-Type Equivalence: this is what we’ll be covering, with
the major differences associated with how the generator buses
and equivalent loads are represented

~ REI Equivalents: All boundary buses connect to one “REI” bus
~ Linearized Methods: Linearize about an operating point
— Others: PTDF-based, backbone type 17



Equivalent System Properties
T
An equivalent is usually created from a larger model

— In the Eastern Interconnect there are full grid models that are
used for wide-area planning, these are equivalenced for real-
time usage or more specialized studies

The equivalent is usually smaller and less detailed
— Solves quicker

— Requires less storage

— Requires less up-to-date data

Equivalences contain fictitious elements

— This can make modeling/updating more difficult

The equivalent only approximates the behavior of the
original 18



Study vs External System

T
* The key decision In creating an equivalent is to divide
the system into a study portion that is represented in
detail, and an external portion that is represented by the
equivalent

« The two systems are joined at boundary buses, which
are part of the study subsystem

« How this is done is application specific; for example:

— for real-time use it does not make sense to retain significant
portions of the grid for which there is no real-time information

— for contingency analysis the impact of the contingency is
localized

— for planning the new system additions have localized impacts19




Ward Type Equivalencing
Al

Befor
elore Bounda Will be
B Y Equivalenced
uses /a
sty External
System

System

After

No changes to Boundary _ _
study system Buses Equivalent lines
\ and loads/shunts
Study /Extemal system
System has been
eliminated

20



Ward Type Equivalencing

Considerations
T

The Ward equivalent is calculated by doing a partial

factorization of the Y

— The equivalent buses are numbered before the study buses

— As the equivalent buses are eliminated their first neighbors are
joined together

— At the end, many of the boundary buses are connected
— This can GREATLY decrease the sparsity of the system
— Buses with different voltages can be directly connected

L] Y, Y, ||V,
L] Y, Y|V
(1 YYll) (Y Y}”Y)V

J€ €€ & SJg g€ &5

21



Ward Type Equivalencing
Considerations

Al
« At the end of the Ward process often many of the new
equivalent lines have high impedances

— Often there is an impedance threshold, and lines with
Impedances above this value are eliminated

« The equivalent lines may have unusual values, including
negative resistances

« Load and generation is represented as equivalent current
Injections or shunts; sometimes these values are
converted back to constant power

« Consideration needs to be given to loss of reactive
support

« The equivalent embeds the present load and gen valueg2



B7Flat Eqv Example
T
In this example the B7Flat_Eqv case Is reduced,

eliminating buses 1, 3 and 4. The study system is
then 2, 5, 6, 7, with buses 2 and 5 the boundary buses

ust For ease of
omw g o o comparison

o e © system is

" R modeled

» é - unloaded

ofMw AGC OFF

oMW T

1.04 pu \w/ .04 pu
0 MW OMW Bus7
é j/ OMW | eft Area Cost R ight Area Cost \t 0 MW
832 $/h 500 $/h 0 Mvar
oflMw AGC OFF -offlMw AGC OFF

23



B7Flat Eqv Example

* Original Y

2083 16.67 417 0O 0 0 0
16.67 -52.78 556 556 833 1667 O
417 556 -431 333 0 0 0
Y,.,=j| 0 556 333 -431 417 O 0

0 8.33 0 417 -29.17 0 16.67
0 16.67 0 0 0 —25 8.33
0 0 0 0 16.67 833 25

-20.833  4.167 0
Y, =j| 4167 -43.056 33.333
0 33333 -43.056




B7Flat Eqv Example

YES j

SS

(Yss o

Al
16667 0 0 O 116.667 5.556 5.556 ]
5556 0 0 0| v,-j o O 4
0 0 0
| 5556 4.167 0 O B X 0
[ 52.778 8.333 16.667 0 Note Y =Y.'
8333 -29167 0  16.667 if no phase
16.667 0 250 8.333 shifters
0 16.667 8.333 —25.0 |
(_28.128 11.463 16667 0 |
. | 11.463 -28.130 0  16.667
YseYee Yes) :J
16.667 0 ~25.0 8.333
0 16.667 8.333 -25.0 |

25



Equivalencing in PowerWorld

A

Open a case and solve it; then select Edit Mode, Tools,
Equivalencing; this displays the Power System
Equivalents Form

B T B Ak e 5%

Make-up of the study and external systems

SSSSSSSSSSSSSSS

NNNNNN

MQ&D I Records~ | ¥ 0w

- o ER

s regarding Areas and Zones are induded to aid the task of selecting or unselecting blocks of buses,

--------
--------

_____
--------
-----
--------
--------

Select what to add to the study and external systems
EEEEEE | Study
o e |1 S —
d Find
aaaaaaa
[ — 3 —(
d Find
sssss — 2 —
Find... Find...
dude how many f neighb: [Filter by Kv:
[ M :
Il as external Min D
nch Terminals External
Save buses to fil
ch inals Study
d by from fil
lect b network cu
i-L Cloze ? Help

Next step is then to
divide the buses into
the study system and
the external system;
buses can be loaded
from a text file as
well

26



Equivalencing in PowerWorld

AlM

®

Then go to the Create The Equivalent page, select the
desired options and select Build Equivalent System

Power System Equivalents - o IEH
Select The Buses  Create The Equivalent
Build Equivalent
[“1Delete All External Generators

Max Per Unit Impedance for Equivalent Lines - :

Max MWW Ratings Above

[Cretain Remotely Requlated Buses
Retain Branch Terminals for
[ Transformers
[Jzero Impedance Ties {x < 0.001)
I:| Area Tie Lines
[Jzone Tie Lines

[ convert Equivale
[IModel Generation
[Cremove Radial Syste
[ pelete Empty Areas/Zol
[ adjust Area Unspedified T

Load as Current Injections

/Substations that occur from Equivalencing
rchange to Zero Qut ACE

[Jindude Generator Dynamic Wauivalents

€~ Click to create the equivalent

The following are alternative non-equivalencing tasks that can be applied to the External Sy:

Build Equivalent System

Save External System in File MerQe Bus Shunts Across Zero Impedance Branches
() Entire External System Save External System Bus Shunt Values Above =
(®) Entire External System and Ties MergQAcross Branches

andB =0

osoonsfs

Merge Shunts

Delete External System
[CJremove External Objects from Onelines

O Delete empty Areas/Zones/Substations
induded in the External System

Delete External System

Mote: If bus nt values are merged across area tie
lines, the unspRified MW transactions for the areas
will be adjusted\§-cordingly.

fL Close

Save To Aux ? Help

— Maximum
e o e Impedance
lines to retain

99’ or ‘EQ’
are common
circuit values
for equivalent
lines

Removes equivalenced objects from the oneline 27



Small System Equivalent Example

A

Example shows the creation of an equivalent for
Aggieland37 example

Aggleland Power and nght

First example is
simple, just removing
e d - WHITE138 (bus 3);

T Fanie '~ note TEXAS138 is
il now directly joined to
. RELLIS138..

Case Is Aggieland37_HWS5

28



Small System Equivalent Example

Aggleland Power and nght

5: ’. (:
Total Load 1420.7 MW 102pu V uuuuuu d 641 MW
S S Total Losses: 24.70 MW -

0.982 pu

T
Only bus 3 was
removed; the new
equivalent line was

auto-inserted.

Don’t save the
equivalent with the
same name as the
original, unless you
want to lose the
original

29



Small System Equivalent Example

T

* Now remove buses at WHITE138 and TEXAS and
RELLIS (1, 3, 12, 40, 41, 44); set Max Per Unit
Impedance for Aggieland Power and Light
Equivalent :
Lines to owtpmtagiptol
99 (per unit)
to retain all
lines. Again
to an auto-
Insert to show
the equivalent
lines.

30



Small System Equivalent Example

Now set the Max Per Unit Impedance for

Equivalent Lines to 2.5.
Aggieland Power and Light

Total Load 1376.7 MW 1.02pu 641 MW
Total Losses: 23.85 MW ‘
e "
53MW » P>
21 Mvar \L 0.0 M:lar ° 289'::’ o 2
0.99pu J§ ) earmes LAV Eif/ﬂ 30 Mvar Vv
$oom AB=- NORTHGATEGS 2
sl 20% - 0.98 pu BONFIRE69 TV
4 ) 5 f\ |,

Y/
31 \. 4

1My, 2 :

‘ 0% ‘ @ GIGEM69
MAROONGY _~“REVEILLEGY P>

PSS artivar

30 Mvar

& 5
1005pu Y LuJ A KYLE138

SPIRIT69 58 Mvar 0 961 pu' &

>

1.01pu W@

25MW \} = %
10 Mvar N <

\ «.0:97 pu N Msce9
". 70 MW 59 MW RING69

RUDDERG9. [omgar 6 Mvar

22Mw
1

0.990 pu ." REEDS6!
ofdEs v o
4

TS

WEB138

FISHE9

A * A 1. ooooﬂtap A
YELL69 24% 7 . 5'""’ G 63% AL, & 0.0 Mvar i
‘ o } @ 0.98 0.985 pol KYLEG9 5'2:/0 % F T
L3>« b—>—>sx Mw
17 Mvar
o ’J @ o tees »1
y: e 0.99pu
ZMvar 0 0 Mvarx “7%

21%

iy PLUM138

/
49 MW
17 Mvar
/
1.01pu
/
/

AGGIE138

g 0.989 pu ﬁ REED138

AlM

®
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Large System Example: 70K Case

AlM

®

Original System has 70,000 buses and 71,343 lines

pY
i
]
e TEEL N
b o~ d
¥
S -
e 5 it b -5
= ‘1 ; v ..h.' 2
L * e
- 3
£ g ]
%
] 3 * 4
y iy 5
- el &
L - ¥
= 2 Rl
Ty ) fi:
= % Figs
5 i
5
"
o3
o
E A S 7
. [
o
R
a4 ;
* 3 7
7 g
‘%

This is a synthetic power grid which does NOT represent any actual grid.
It was created with a synthetic methodology and does not contain any CEII.

References:

A, B. Birchfield; T. Xu; K. M. Gegner; K. 5, Shetye; T, 1. Overbye, "Grid Structural
Characteristics as Validation Criteria for Synthetic Metworks,” in IEEE Transactions
on Power Systems, vol, 32, na, 4, pp. 3258-3265, July 2017,

A. B. Birchfield, T. Xu, and T. J. Overbye, "Power flow convergence and reactive
power planning in the creation of large synthetic grids, " in IEEE Transactions on
Power Systems, 2018.

For more information about this and other synthetic power grids,
wisit electricgrids.engr.tamu.edu or contact Adam Birchfield abirchfield @tamu.edu
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Large System Example: 70K Case
T

e Just retain the Oklahoma Area; now 1591 buses and
1745 lines (deleting ones above 2.5 pu impedance)

ol N = "MM
TN ‘\\;{ f"'t‘;
\ \V\ :-\ m 1 ’"\‘ ‘4

\“‘_‘au

“‘ N

33



Grid Equivalent Examples
KM
« A 2016 EI case had about 350 lines with a circuit ID of
’99” and about 60 with ‘EQ’ (out of a total of 102,000)

—- Both WECC and the EI use 99’ or ‘EQ’ circuit IDs to
Indicate equivalent lines

— One would expect few equivalent lines in interconnect wide
models

« A ten year old El case had about 1633 lines with a
circuit ID of 99’ and 400 with ‘EQ’ (out of a total of
65673)

« Aten year old case with about 5000 buses and 5000
lines had 600 equivalent lines

34



