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Announcements
i
Homework 4 1s due today.
Homework 5 1s due on November 13.
Read Chapter 8 (Optimal Power Flow)

Read the Chapter 3 appendices (3A covers optimization with constraints, 3B
covers linear programming, 3D covers dynamic programming, and 3E
convex optimization.

An excellent book on optimization 1s Linear and Nonlinear Programming by
Luenberger and Ye (the 5™ edition came out in 2021).

Office hours are changed to Thursdays at 4 to Spm using the Zoom link I
sent out on Canvas.



Unit Commitment: Quick Coverage (Chapter 4)
Al
Unit commitment 1s used to determine which generator units should be
committed to meet the load

The electric load varies substantially so there 1s almost always more
generator capacity available than load

Units have availability constraints
— Minimum up time, time to start, cost to start
— Minimum down time, time to shutdown, cost to shutdown

— Ramp rates, minimum MW output

— Scheduled and unscheduled outages

System constraints including load, reserve, emissions, network



Solving Unit Commitment
Al
Unit commitment involves a potentially large number of integer and
continuous variables.
— Not just the status of each unit, but also the amount of time it has been 1n a particular
state (1.e., off or on)
Solved for a set of discrete time periods, which at each time period there
are lots of different potential states.

Solution approaches include
— Dynamic programming (First edition of book)
— Lagrangian relaxation (Second and third editions of book)

— Mixed Integer Programming (Currently state-of-the-art; mentioned in the third
edition)



Longer Term Optimization: Quicker Coverage
(Chapter 5)

* Longer term optimization 1s a key consideration in hydro systems with
significant reservoir storage.

o

— Use the water when it 1s the most valuable taking into account potentially many
other constraints

* Generator maintenance scheduling also needs to be considered.

* Bulding generation often involves large upfront capital costs to create an
asset that will last 20 to 40 years; long-term contracts provide a way to
share the risk.

* Take-or-pay contracts obligate a purchaser to purchase so much of a
product over a given time period.



Example: Prairie State Energy Campus

o

The Prairie State Energy Campus (PSEC) 1s a 1600 MW coal plant n
Southern Illinois with its own coal mine
that opened 1n 2012.

— It 1s owned by municipals and coops (my former ——
coop got >60% of the energy from PSEC)

— While relatively efficient, it is one of the US’s
largest sources of CO2 emissions

— It cost an estimate $4 billion to build; if it sells
its power at $30/MWh then maximum yearly
income would be $30*1600*8760=%$420 million

[1lino1s’s new clean energy law requires PSEC to reduce carbon emissions
by 45% by 1/1/35 and be 100% carbon free by the end of 2045.

Image: Pantagraph.com




Power System Economic Dispatch

Al
Generators can have vastly different incremental operational costs.

— Some are essentially free or low cost (wind, solar, hydro, nuclear)

— Because of the large amount of natural gas generation, electricity prices are very
dependent on natural gas prices | 1958

Theory of Econemic Operation of

Interconnected Areas

Economic dispatch is concerned with
determining the best dispatch for generators
without changing their commitment.

R. H. KERR L. K. KIRCHMAYER
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nation

Economic dispatch has been used by the
power industry more many decades.

— With early formulations mentioned in 1928!



Variation in Natural Gas Prices and Generation
Sources
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Generation Types (ERCOT)
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ERCOT Typical Daily Curves
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Example: Nice Visualization of California
Generation by Source

Engaging Data Gallery  Random Visualizaion ~ About  Random Stuff

* The source of electricity are T e oot
image on the right showing the
sources of California

generation on Oct 29, 2025.

Data source: engaging-data.com/california-electricity-generation/



Power System Economic Dispatch

e
Economic dispatch 1s formulated as a constrained minimization.
— The cost function 1s often total generation cost in an area

— Single equality constraint 1s the real power balance equation

Solved by setting up the Lagrangian (with Py the load and P, the losses,
which are a function the generation),

L(Pg,4) = ici(PGi)Jr/I(PD +PL(PG)_§:PG1')
i=l1 i=1

A necessary condition for a minimum 1s that the gradient is zero. Without
losses this occurs when all generators are dispatched at the same marginal
cost (except when they hit a limat).
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Power System Economic Dispatch

L(P5,4) = ici(PGi)JF/I(PD + P (Fy) _iPGi)
i=1 i=1

L. 2) _ dC(Fy) _,\ OR(Fy)
oP,, dP.. oP,,

l

)=0

Pp+ P (Fg) =2 Fgi =0
i=1

o

* Iflosses are neglected then there 1s a single marginal cost (lambda); 1f
losses are included then each bus could have a different marginal cost.



Economic Dispatch Penalty Factors

Solving each equation for A we get

dCi(Ps) _ | OP(Fs) _
dFg; OF%i

1 dC(Py)

l_aPL(PG) dPGi
aPGi

0

1 =

Define the penalty factor L; for the it generator

[. = :

1 [I_GPL(PG)j
aPGi

o

The penalty factor
at the slack bus is
always unity!
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Economic Dispatch Example

58 MW - 56 MW 39 MW 39 MW 78 MW
% % 29 Mvar
1.05 puA > 39— *o 99 pu 21% f
1.00 pu
130. OAMW
72 MW 52 MW 147 MW 46
0.0000 92.5%MW
AGC ON 39 Mvar 5 aaas
53% 46% A AGC ON
48% 37
54 MW Y
71 MW 20 Mw
47 MW 0%
1.04 pu 12 MW >6I\E\)/A/> %7 m>1¥ 0.96 pu
5 N
39 MW 181. S@Mw \-/127 .
20 Mvar _0 0274 39 Mvar
AGC ON
Total Hourly Cost: 5916.04 $/h Load Scalar: 1.00f
Total Area Load: 392.0 MW MW Losses: 12.44 MW
Marginal Cost ($/Mwh) : 0.00 $/MWh

Case 1s GOS_Example7 5; use Power Flow Solution
Options, Advanced Options to set Penalty Factors.

o

14



Optimal Power Flow (OPF)

o

OPF functionally combines the power flow with economic dispatch.
Security Constrained OPF (SCOPF) adds 1n contingency analysis.

Goal of OPF and SCOPF 1s to minimize a cost function, such as operating
cost, taking into account realistic equality and inequality constraints.

Equality constraints:

— bus real and reactive power balance
— generator voltage setpoints

— area MW interchange

15



OPF, cont.

Inequality constraints:

— transmission line/transformer/interface flow limits

— generator MW limits

— generator reactive power capability curves

— bus voltage magnitudes (not yet implemented in Simulator OPF)

Available Controls:
— generator MW outputs
— transformer taps and phase angles

— reactive power controls

o

16



Key SCOPF Application: Locational Marginal
Prices (LMPs)

*  When OPF includes contingency analysis 1t 1s known as the Security-
Constrained OPF (SCOPF).

* OPF dates back to 1960’s with thousands of papers

* The locational marginal price (LMP) tells the cost of providing electricity
to a given location (bus) 1n the system.

o

* Concept introduced by Schweppe 1n 1985.

~ F.C. Schweppe, M. Caramanis, R. Tabors, “Evaluation of Spot Price Based
Electricity Rates,” IEEE Trans. Power App and Syst., July 1985

* LMPs are a direct result of an SCOPF, and are widely used 1in many
electricity markets worldwide both ahead and in real-time.

* The exact calculations are market specific.
17



Example: ERCOT Security Sequence

The ERCOT Nodal Protocols document details the process used by

ERCOT.

—- RUC 1s Reliability Unit
Commitment

— DRUC 1s the Day-Ahead
Reliability Unit Commitment

—~ HRUC 1s the Hourly

Reliability Unit Commitment
The most recent documents
are at

DRUC-Normal

HRUC-Current |

Breaker
Status

Outage
Scheduler

Key:

Security Sequence

Resource Limits

v

¥

Weather
Forecast
Short-Term Wind
l Power Forecast | |
amic Ratin
Load Forecast Dyl;mcesgor 9
I Security Violation
l / Alarm
Network Network
Topolemy  — precast | Secury 1
ulider nalysis Approve RUC
Inputs
Contingency
Operator | | | jstand l
Control Screenlng
RUC
Operator Current
Notification of Operating ]
Planned Outages Al
(Only in HRUC) Approve RUC
Outputs

l Operator Information ‘

www.ercot.com/mktrules/nprotocols/current.




ERCOT and MISO LMPs, Feb 20, 2025 at about 9am

Real-Time Locational Prices: Real-Time Market - SCED Pricing

Last Updated: Feb 20, 2025 08:35

Real-Time Price Adders
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Hover over points to view details.

Displayed SCED prices are the sum of:
= LMPs

= On-Line Reserve Price Adder

* On-Line Reliability Deployment Price Addeg

Select Data| RTM-LMP v | View As | Standard Gradient v |
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OPF Problem Formulation
Al
* The OPF 1s usually formulated as a minimization with equality and
inequality constraints:

Minimize F(x,u)

g(x,u)=0
h . <h(x,u)<h__

u inéuﬁumx

m

where x 1s a vector of dependent variables (such as the bus voltage
magnitudes and angles), u 1s a vector of the control variables, F(x,u) 1s the
scalar objective function, g 1s a set of equality constraints (e.g., the power
balance equations) and h 1s a set of inequality

constraints (such as line flows).
20



Two Example OPF Solution Methods

* Non-linear approach using Newton’s method

— handles marginal losses well, but 1s relatively slow and has problems
determining binding constraints

— Generation costs (and other costs) represented by quadratic or cubic
functions

* Linear Programming

— fast and efficient in determining binding constraints, but can have
difficulty with marginal losses.

— used in PowerWorld Simulator

— generation costs (and other costs) represented by piecewise linear
functions

* Both can be implemented using an ac or dc power flow.

o
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LP OPF Solution Method
i
Solution 1terates between
— solving a full ac or dc power flow solution
 enforces real/reactive power balance at each bus
 enforces generator reactive limits
« system controls are assumed fixed
« takes into account non-linearities
~ solving a primal LP

 changes system controls to enforce linearized constraints while minimizing cost

22



Two Bus with Unconstrained Line

o

With no overloads

Total Hourly Cost : 8459 $/h Transmission line 1s
the OPF matCheS Area Lambda : 13.02 $/Mwh
. P not overloaded
the economic . —
' 81%
dispatch g 1 E
Bus A 13.02 $/MWh Bus B 13.02 $/MWh

@ iwo&@m ‘ % 300.0

203. 0fMW 397. 0fyMW

AGC ON AGC ON

Marginal cost of supplying power to each bus
(locational marginal costs)

23



Two Bus with Constrained Line

Total Hourly Cost : 9514 $/h
Area Lambda : 13.26 $/MWh

@

Bus A 13.43 $/MWh Bus B A 13.08 $/MWh

@ im o ‘ i 300. 0w
260 . 9yMW 419.13MW
AGC ON AGC ON

With the line loaded to its limit, additional load at Bus A must
be supplied locally, causing the marginal costs to diverge.

o

24



Three Bus (B3) Example
AJm

Consider a three bus case (Bus 1 1s system slack), with all buses
connected through 0.1 pu reactance lines, each with a 100 MV A limat.

Let the generator marginal costs be

— Bus 1: 10 $ / MWhr; Range = 0 to 400 MW
— Bus 2: 12 $ / MWhr; Range = 0 to 400 MW
— Bus 3: 20 $ / MWhr; Range = 0 to 400 MW

Assume a single 180 MW load at bus 3.

25



B3 with Line Limits NOT Enforced
AJm

Bus 2 Bus 1
10.00 $/MWh

0.0 MW |10.00 $/MWh @

180.0 Mw

OAMW
Line between
Bus land Bus 3

60 MW

Total Cost60MW .
1800 $/hr L 10.00 $/Mwh 1s overloaded;
é) all buses have
180AMW
the same

0 MW marginal cost

26



B3 with Line Limits Enforced

_

20 MW
Bus 2 20 MW 2 Bus 1

: —.—@:4444444@—.—L10.00$/MWh
60.0 MW|12.00 $/MWh @

120.0 MW
< — =
OAMW
o LP OPF ch
changes
Total Cost,, 100 Mw . g
1920 $/hr =™ generation to
Bus 3 14.00 $/MWh . .
remove violation.
1805MH Bus marginal
0 MW COsts are now

different.
27



Verify Bus 3 Marginal Cost
AJm

19 MW 19 MW
Bus 2 2 Bus 1

:_._@ | 10.00 $/MWh
62.0 MW|12.00 $/MWh @

119.0 MW
<= 81%
oMW \
81 MW One additional MW
Total Cost,, ,. Y of load at bus 3
o i I .. 14.00 §/MWh raised total cost by
é) % 1818Mw 14 $/hr, as G2 went
up by 2 MW and G1
oM went down by IMW

28



Why is bus 3 LMP = $14 /MWh
Al
* All lines have equal impedance. Power flow 1n a simple network

distributes inversely to impedance of path.

— For bus 1 to supply 1 MW to bus 3, 2/3 MW would take direct path from 1 to 3,
while 1/3 MW would “loop around” from 1 to 2 to 3.

— Likewise, for bus 2 to supply 1 MW to bus 3, 2/3MW would go from 2 to 3, while
1/3 MW would go from 2 to 1to 3.

29



Why is bus 3 LMP $ 14 / MWh, cont’d
o

With the line from 1 to 3 limited, no additional power flows are
allowed on it.

To supply 1 more MW to bus 3 we need
_ AP, + AP, =1 MW
- 2/3AP5 +1/3 APg, =0; (no more flow on 1-3)

Solving requires we up P, by 2 MW and drop P, by 1 MW -- a net
increase of $24 — $10 = $14.

30



Both lines into Bus 3 Congested

o

MW
Bus 2 0 MW 2 Bus 1

Gt C Oaf 10:00 6/
100.0 MK12.00 $/MWh @

100.0 Mw

OAMW

For bus 3 loads
above 200 MW,

100 Mw

Total Cost . .. 100 Mw

2280 $/hr N 20.00 $/MWh the load must be
é) % 20y supplied locally.
Then what if the
4 MW bus 3 generator
opens?

31



Both lines into Bus 3 Congested

An 1nfeasible example can be created by opening the generator
at Bus 3 with the Bus 3 load above 200 MW. There 1s no way
to serve the load without overloading a transmission line.

4 MW 4 MW

Bus 2 Bus 1
10.00 S$/Mw!
<=
96.0 MW &=
108.0 MW

Total Cost
2232 $/h

1008.00 $/MWh
2043Mw

o

32



Quick Coverage of Linear Programming (LP)

o

LP 1s probably the most widely used mathematical programming
technique.

It 1s used to solve linear, constrained minimization (or maximization)
problems 1n which the objective function and the constraints can be
written as linear functions.

Linear programming got its start during WWII, but 1t was secret
throughout the war.

George Dantzig published the simplex method in 1947, and John von
Neuman developed the theory of duality around the same time; it became
widely used .

33



Example Problem 1
i
* Assume that you operate a lumber mill which makes both construction-
grade and finish-grade boards from the logs it receives. Suppose it takes 2
hours to rough-saw and 3 hours to plane each 1000 board feet of
construction-grade boards. Finish-grade boards take 2 hours to rough-saw
and 5 hours to plane for each 1000 board feet. Assume that the saw 1s
available 8 hours per day, while the plane 1s available 15 hours per day. If
the profit per 1000 board feet is $100 for construction-grade and $120 for

finish-grade, how many board feet of each should you make per day to
maximize your profit?

34



Problem 1 Setup

Let x,=amount of cg, X, = amount of fg
Maximize 100x; +120x,
S.t. 2x;+2x, <8

3x; +5x, <15

X, Xy 20

Notice that all of the equations are linear, but they are inequality, as

opposed to equality, constraints; we are seeking to determine the values
of x, and x,

o
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Example Problem 2 (Nutritionist Problem)

o

A nutritionist 1s planning a meal with 2 foods: A and B. Each ounce of A
costs $ 0.20, and has 2 units of fat, 1 of carbohydrate, and 4 of protein.
Each ounce of B costs $0.25, and has 3 units of fat, 3 of carbohydrate, and
3 of protein. Provide the least cost meal which has no more than 20 units
of fat, but with at least 12 units of carbohydrates and 24 units of protein.

Let x,=ounces of A, x,= ounces of B
Minimize 0.20x; +0.25x,
S.t. 2x;+3x, <20

x| +3x, 212

4x, +3x, =2 24

XXy 20

Again all of the equations are linear, but
they are inequality, as opposed to
equality, constraints; we are again
seeking to determine the values of x,
and x,; notice there are also more
constraints than solution variables

36



Three Bus Case Formulation

For the earlier three bus system given the 1nitial condition of an
overloaded transmission line, minimize the cost of generation such that

the change 1n generation
1S zero, and the flow

on the line between
buses 1 and 3 1s not
violating 1ts limiut.

Can be setup consider-
ing the change 1n

generation, (APy,, APg,, APg5)

Bus 2 0 MW 60 MW
0.0 MW |10.00 $/MWh

Bus 1
10.00 $/MWh

@

180.0 Mw

OAMW
60 MW
120 MW
Tosatsgosten
Bus 3 V- 10.00 $/MWh

o
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Three Bus Case Problem Setup

Minimize 10x; +12x, +20x;

2 1
S.t. §x1 + gxz <—-20  Line flow constraint

X|+ Xy +X3 = 0 Power balance constraint

enforcing limits on x;, x,, Xx;

o
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LP Standard Form

The standard form of the LP problem is

Minimize c¢x Maximum problems can be treated as
gt Ax=b minimizing the negative

x>0
where X = n-dimensional column vector

¢ = n-dimensional row vector
b = m-dimensional column vector
A = mXn matrix

For the LP problem usually n>>m

The previous examples were not 1n this form!

o
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